Wilson loops in N = 4 supersymmetric Yang-Mills theory correspond at strong coupling to extremal surfaces in AdS 5 . We study a class of extremal surfaces known as special Legendrian submanifolds. The "hemisphere" corresponding to the circular Wilson loop is an example of a special Legendrian submanifold, and we give another example. We formulate the necessary conditions for the contour on the boundary of AdS 5 to be the boundary of the special Legendrian submanifold and conjecture that these conditions are in fact sufficient. We call the solutions of these conditions "special contact Wilson loops". The first order equations for the special Legendrian submanifold impose a constraint on the functional derivatives of the
1 Introduction.
Our understanding of the correspondence between gauge fields and strings improved recently due to the development of the idea of the AdS/CFT correspondence [1, 2, 3] . The most remarkable achievement was the comparison of the superstring and field theory computations of the quantities which are not protected by the symmetries. An important example is the study of the Wilson loop functional [4, 5] . For the loop of the circular shape it was computed to all orders in the perturbation theory in the large N Yang-Mills [6, 7] . The result analytically continued to the strong coupling limit was found to be in agreement with the string theory computation. In another very recent development, the anomalous dimension of the twist two operators in the N = 4 Yang-Mills theory was computed from the properties of the extremal surfaces [8, 9] . Already these two examples show the importance of the study of the extremal surfaces in AdS space for understanding the relation between gauge fields and strings.
In our paper we will study a class of the Wilson loops which corresponds to a special class of the extremal surfaces in AdS -special Legendrian submanifolds. This is a large class of extremal surfaces which are easier to study than the generic extemal surface. The reason for simplifications is that the special Legendrian submanifolds satisfy the first order differential equations while the generic minimal surfaces satisfy the second order differential equations. We were not able to find explicitly the generic special Legendrian surface in AdS space and we think that it is actually not possible. But nontrivial explicit examples of the special Legendrian manifolds are known for S 5 [10, 11, 12, 13] and presumably can be constructed by similar methods in AdS 5 . In this paper we will consider only a simplest nontrivial example and will mostly concentrate on general aspects of the special Legendrian manifolds in AdS 5 .
We will give the definition of the special Legendrian manifold in Section 2. The surface ending on the circular contour on the boundary which was found in [14, 5] is a special case of a special Legendrian manifold. We will give another example in Section 2. In Section 3 we will find the necessary conditions for the contour in R × S 3 to be the boundary of the special Legendrian manifold in AdS 5 and find all solutions to these conditions in terms of a real function of one real variable. We conjecture that at least for the contours which are close to the circular contour these conditions are in fact necessary and sufficient. We call such contours the "special contact Wilson loops". In Section 4 we will consider the infinitesimal deformations of the special Legendrian manifold ending on the circular Wilson loop. We will confirm by the explicit calculation that the infinitesimal deformations preserve the differential conditions on the special contact Wilson loop. In Section 5 we will show that the special contact Wilson loop does not in general preserve any supersymmetry. In Section 6 we will study the behavior of a special Legendrian manifold near the boundary of the AdS space. In Section 7 we study the regularized area of the special Legendrian manifold. We did not succeed in calculating the regularized area for the general special contact boundary. This would presumably require the knowledge of the actual special Legendrian surface. But we do know something about the infinitesimal variation of the regularized area under the variation of the contour (not necessarily preserving the special contact condition). There is a special vector field λ µ in R × S 3 which enters into the definition of the special Legendrian manifold. We show that the variation of the regularized area functional under the infinitesimal deformation of the special contact contour is zero provided that the normal vector describing the variation is orthogonal to λ µ pointwise on the contour. (The deformed contour does not have to be special contact.) In other words δ δC µ W [C] ∼ λ µ for the special contact C. It would be interesting to see whether this is true only at strong coupling.
An interesting feature of the special Legendrian surfaces is that the worldsheet coordinates satisfy the first order differential equations. This is usually associated with the supersymmetry. However the string wrapped on the special Legendrian manifold does not in fact preserve any supersymmetry. A special case of the special contact Wilson loop is the circular Wilson loop. On the field theory side the circular Wilson loop classically preserves half of the supersymmetry. But quantum mechanically all the supersymmetry is presumably broken because of the problems with the regularization [15] . On the string theory side the corresponding string worldsheet is not supersymmetric even on the classical level. And for the special contact Wilson loops which are not circular we show in Section 6 that the supersymmetry is completely broken already in the field theory even classically.
2 Special Legendrian manifolds.
Definitions.
We consider AdS 5 embedded into R 2+4 as the hyperboloid
(1)
The boundary of AdS 5 is the projectivization of the lightcone C:
The lightcone separates the future R 2+4 + from the past R
2+4
− . We will introduce in R 2+4 the complex coordinates z 0 = y −1 + iy 0 , z 1 = y 1 + iy 2 , z 2 = y 3 + iy 4 . The metric and the complex structure define the Kahler form
We will also need the holomorphic 3-form
One can see that for the Lagrangian manifold
Special Lagrangian submanifolds. The Lagrangian manifold is called special Lagrangian [16] if the phase φ(x) is constant (does not depend on x). In flat space it is enough to consider the case when φ = 0 (because the cases with φ = 0 are related to the cases with φ = 0 by a symmetry):
The special Lagrangian manifolds are extremal in the sense that when we deform them the variation of the volume is of the second order in the deformation. We will review the proof of this fact in Appendix. The Euler vector field E = x µ ∂ ∂x µ is orthogonal to AdS 5 . The complex structure in R 2+4 defines the one-form λ in the AdS space:
The corresponding vector field λ µ can be restricted to the boundary; the restriction is also denoted λ µ . The restriction of the Kahler form ω to the AdS space is ω| AdS = 1 2 dλ.
Contact submanifolds. A submanifold X of AdS 5 is called contact if the restriction of λ on X is zero. This is equivalent to the cone over X being Lagrangian. The maximal dimension of a contact submanifold X in AdS 5 is two.
Special Legendrian submanifolds. A special Lagrangian manifold is called a special Lagrangian cone if it is invariant under the rescalings generated by E. The intersection of a special Lagrangian cone with AdS 5 is called a special Legendrian submanifold [11] . A special Legendrian submanifold is contact and the restriction of ǫ λµν z λ dz µ ∧ dz ν to its tangent space is real. It is an extremum of the area functional.
The "hemisphere". An example of the special Lagrangian cone is the plane given by the equations
The corresponding special Legendrian manifold is AdS 2 ⊂ AdS 5 . Its boundary is the circular Wilson loop. Historically it was one of the first Wilson loops computed in the strong coupling limit by the AdS/CFT correspondence [14, 7] . The extremal surface looks like a hemisphere in the Poincare coordinates. The infinitesimal deformations of the Lagrangian submanifold Σ are in one to one correspondence with the generating functions H; the corresponding normal vector field ξ H is given by the equation
for any vector η tangent to Σ. If we require Σ to be a cone H has to satisfy H(ty) = t 2 H(y) -a homogeneous function of the degree 2. If we require both Σ and its deformation to be special Lagrangian then H has to be harmonic:
Therefore the deformations of the special Lagrangian cones are parametrized by a single homogeneous harmonic function of the degree two. In some sense there are as many special Lagrangian cones as there are harmonic functions of the degree two on a three-dimensional space. Notice that the deformations of the general three-dimensional extremal cone in R 2+4 are parametrized roughly speaking by three homogeneous harmonic functions of the degree two (the worldsheet coordinates). The general extremal cone is parametrized by three harmonic functions while the special Lagrangian cone is parametrized by one harmonic function.
2.2 Special Legendrian manifolds are described by the first order differential equations.
The special Legendrian manifolds have a property which resembles the principle of analytic continuation for the complex curves. It turns out that the special Legendrian manifold is completely determined by any one-dimensional contour belonging to it [16] . Consider the contour z µ (σ), σ ∈ R inside the special Legendrian manifold Σ. At any given point on the contour z µ (σ 0 ) the tangent space to Σ is generated by two vectors one of which is ∂ σ z µ (σ 0 ). The other one may be chosen to be orthogonal to ∂ σ z µ . Let us call it ξ. It turns out that ξ is completely determined up to the multiplication by a real number by the condition that Σ is special Legendrian. Indeed, ξ should satisfy the equations:
The first of these equations says that ξ µ belongs to AdS 5 (real part) and to the kernel of λ (imaginary part). The second equation says that ξ µ is orthogonal to ∂ σ z (real part) and ω(∂ σ z, ξ) = 0 (imaginary part). These are five real equations on six real components of ξ µ therefore the direction of ξ µ is determined:
We can deform the contour
The deformed contour still belongs to Σ. Therefore we get a family of contours sweeping Σ. This family can be parametrized by a real parameter τ :
This is a system of the first order equations on the worldsheet coordinates.
By this construction any contact one-dimensional contour in AdS 5 will give a special Legendrian manifold. Contact one-dimensional contours in AdS 5 depend on three real function of a real variable. Two one-dimensional contours give the same special Legendrian manifold if they are related by the deformation (12) . Therefore a special Legendrian submanifold in AdS 5 is parametrized by two real functions of a real variable. This probably suggests that a special Legendrian manifold will generally have at least two boundaries. Indeed, as we have seen these manifolds are parametrized roughly speaking by a harmonic function; but a harmonic function is defined by its boundary values which gives one real function of a real variable per boundary.
Example.
In this section we will repeat in AdS 5 the construction of the special Legendrian manifold in S 5 suggested in [13] . We consider the following surface parametrized by the two real parameters σ and τ :
where g µ (τ ) is real. This is a special Legendrian manifold if
and g 0 (τ ), g ( τ ), g 2 (τ ) satisfy the algebraic equations:
satisfies (13) if we choose τ so that g µ (τ ) satisfy the system of differential equations:ġ
for which (16) are integrals of motion. Equations (16) have real solutions only if α 1 and α 2 have different sign. Also notice that α µ → −α µ is a symmetry. This means that without any loss of generality we may assume
With this choice of α µ the solution is:
where
, +∞ . The induced metric on the worldsheet is:
(20) This metric is negative definite and becomes asymptotically the metric of the AdS 2 when T → +∞. The Laplacian of the worldsheet coordinates in the induced metric is:
(21) which explicitly shows that the surface is extremal. The boundary is at T = +∞. It can be parametrized by σ:
It is spacelike and consists of two components corresponding to the choice of the sign in the formula for z 2 . It is interesting to consider the limit α 2 = −2α 1 + a where a is positive and small. The boundary consists of two spirals with the common central line. It is spacelike becoming lightlike when a = 0. The distance between the spirals is comparable to the length of the period of each spiral. An interesting property of this example is that the double spiral extremizes the Wilson loop functional. We will prove it at the end of Section 7.
Special contact Wilson loops.
We want to characterize the one-dimensional contours in the boundary of AdS 5 which are the boundaries of the special Legendrian manifolds in AdS 5 . We will first describe some necessary conditions for such a contour. The first condition is that the contour should be contact. This means that the one form on the boundary of the AdS space which defines the contact structure should be zero on a tangent vector to the contour. This condition by itself is not enough. To formulate the second condition we define another one-form on the boundary. More precisely, this one-form is defined only on those vectors which are tangent to the contact structure. We prove that if the contour is the boundary of the special Lagrangian cone then this second one-form should be also zero on the contour.
We then conjecture that these two necessary conditions are sufficient at least for those contours which are small deformations of a circular contour. We explicitly describe the solutions to these conditions.
Two necessary conditions.
The boundary of AdS 5 is conformally S 1 × S 3 . It is the projectivization of the lightcone C ⊂ R 2+4 . Instead of considering the one-dimensional curves in S 1 × S 3 we will consider the two-dimensional subcones of C. Suppose that X ⊂ C is a two-dimensional subcone. When X is the boundary of the special Lagrangian cone L ⊂ R 2+4 + ? The obvious necessary condition is that the restriction of ω on X is zero:
To formulate the second necessary condition we will need to define a complex one-form Λ. Let T X be the tangent bundle to X. Let S ⊂ T X be the subspace tangent to the contact structure:
Consider the following one-form on S:
Notice that Λ is SU(1, 2) invariant. Indeed one can see that
These three forms of rewriting Λ prove the invariance of Λ under SU(0, 2) which stabilizes z 0 and two SU(1, 1) which stabilize z 1 and z 2 . These three groups generate SU(1, 2). For X to be the boundary of the special Lagrangian L it is necessary that
Let us prove that this is a necessary condition. Let us fix a point l ∈ X. The tangent space T l X is generated by two linearly independent vectors l and η, where η should be orthogonal to l. To generate the tangent space to L we need to add a third vector ν which is orthogonal to η and leads out of the light cone. By an SU(1, 2) transformation we can bring η to the form
We know that l is orthogonal to η and I.η. Therefore l should be of the form:
Consider the subgroup U(1, 1) ⊂ SU(1, 2) which rotates η by a phase:
We can use this subgroup to make q 0 and q 1 real. Notice that q 2 0 − q 2 1 = 0. What can we say about ν? Since L is special Lagrangian ν should be orthogonal to both I.η and I.l. Also remember that we have chosen ν to be orthogonal to η. This means that ν is of the form:
where r 0 , r 1 and a are real numbers. Now we have Ω(ν, η, l) = (r 0 q 1 − r 1 q 0 )η 2 and Λ(η) =
. Therefore Ω(ν, η, l) ∈ R implies Λ(η) ∈ R. This proves that (27) is a necessary condition.
We conjecture that at least for the contours sufficiently close to the circle (23) and (27) are actually sufficient. Our motivation for this conjecture is the counting of the parameters. Consider the "hemisphere" (8) . The small deformations of this hemisphere correspond to the degree two harmonic functions on the corresponding cone. These harmonic functions should be determined by their boundary values (we will explain the details in Section 4.) The boundary value of the function is a real function on a circle. We conjecture that these deformations are unobstructed. This was proven in [17] for compact special Lagrangian manifolds, but we are dealing with noncompact cases. If it is true that the deformations corresponding to harmonic functions are unobstructed then the special Legendrian manifolds close to the hemisphere should be parametrized by a real function on a circle. In the next subsection we will see that the contours satisfying (23) and (27) are also parametrized by a real function on a circle. This suggests that there is a one to one correspondence between the contours satisfying (23) and (27) and the special Legendrian manifolds, at least in the vicinity of the circular contour.
Special contact loops.
We will call special contact loops the solutions to the necessary conditions (23) and (27):
These special contact loops can be described very explicitly. Consider a closed path u(σ) in S 2 = CP 1 which restricts the domain of zero area (area is counted with the orientation; ∞ is an example of a path which restricts zero area.) This path can be lifted to the horizontal curve in S
This gives a solution to (31):
(36) Therefore the special contact Wilson loops correspond to the closed contours in CP 1 restricting a domain of zero area.
In Poincare coordinates.
Let us introduce the Poincare coordinates:
Let us write the conditions for the contour in these coordinates. It is convenient to introduce:
The contact condition λ = 0 reads:
We find it more convenient to consider special Lagrangian manifolds with iΩ ∈ R (rather than Ω ∈ R) when working in Poincare coordinates. The special condition Re[z 0 (z 1 ↔ d z 2 )] = 0 becomes:
The solutions to these conditions are parametrized by a a complex valued function y(σ):
where C is a constant. Adding constant to x + corresponds to the su(1, 2) transformation δ(z 0 ; z 1 , z 2 ) = (iz 0 + z 2 ; 0, z 0 − iz 2 ).
4 Infinitesimal deformations of the special Lagrangian plane.
As we have explained in Section 2 the deformations of the special Lagrangian cone correspond to the harmonic functions, homogeneous of the degree two. If the cone is a plane we can describe such functions and the corresponding deformations rather explicitly. An infinitesimal deformation of the plane R 1+2 ⊂ R 2+4 is described by a vector field ξ(v), v ∈ R 1+2 which is orthogonal to R 1+2 . The Lagrangian deformations correspond to functions H on R 1+2 in the following way:
where I is the complex structure in R 2+4 (multiplication by i in C 1+2 .) We want the deformed submanifold to be a special Lagrangian cone. This leads us to considering the harmonic functions H which are homogeneous, 
In fact we could have replaced S(v 0 ) by any closed path on the lightcone; this integral with the naturally defined measure dl does not depend on the choice of the path. The limiting value near the intersection with the light cone ξ(v)| v→l depends on H(l),
where σ is the angular coordinate on S(v 0 ). The direct computation expressing ξ(v)| v→l through H(l) and its first and second derivative should be rather cumbersome. We will use a trick. First let us evaluate a particular integral:
where Q is a constant 6 × 6 matrix. Because of the SO(2, 4) invariance
From I[Q = 1](v) = 0 we get
From the theorem about the mean value, B = 3. Therefore
Let us take
At the same time
One can verify that this deformation preserves bothz µ
Indeed the unperturbed contour is (z 0 ; z 1 , z 2 ) = (1; cos τ, sin τ ). The contact form:
The special condition:
In this example we see that the deformation of the special contact Wilson loop is described in terms of a single function H(σ). The formula for the deformation is rather complicated involving up to two derivatives of H. The deformation preserves the special contact conditions (23) and (27).
No supersymmetry.
The extremal surface in AdS 5 with the boundary on the contour C corresponds on the field theory side to the insertion of the Wilson loop functional:
This functional is invariant under the superconformal transformations which are generated by the conformal Killing spinor ψ(x) satisfying the constraint:
Here γ µ are the space-time gamma matrices and Γ 1 is first of the six gammamatrices generating the Clifford algebra of R 6 . We should have {γ µ , γ ν } = 2g µν and {Γ i , Γ j } = 2δ ij and [γ µ , Γ i ] = 0. The conformal Killing spinors are of the form
where both ψ 0 and ψ 1 are constant spinors 3 . The condition (53) is satisfied for the circular Wilson loop. Indeed, consider the circular Wilson loop in the plane (x 1 , x 2 ) given by the equation:
The condition (53) is satisfied for the following conformal Killing spinor:
where χ 0 is an arbitrary constant spinor. But the generic special contact Wilson loop does not preserve any supersymmetry. For example let us consider the Wilson loop corresponding to the contour y(σ) shown on the picture:
Suppose that this contour preserves the conformal Killing spinor ψ 0 +γ µ x µ ψ 1 .
Let us consider three intervals (A, B) (C, D) and (E, ∞). For the interval (A, B)
:
which implies that γ 1 ψ 0 = iΓ 1 ψ 0 and γ 1 ψ 1 = iΓ 1 ψ 1 . For the interval (C, D):
therefore γ − ψ 1 = 0. Finally, for the interval (E, ∞)
In the limit |x| → ∞:
This would imply that γ 2 ψ 1 = ±iΓ 1 ψ 1 which contradicts γ 1 ψ 1 = iΓ 1 ψ 1 . Therefore the special contact loops are generally not supersymmetric.
6 Behavior near the boundary.
In this section we will study the special Legendrian submanifold X in the vicinity of a point on its boundary. The main result is the following. Consider a curve inside X which originates from the point l 0 on the boundary of X and is orthogonal to the boundary at this point. Consider the acceleration of this curve and take the component of the acceleration normal to X. It turns out that the normal component of the acceleration is directed along I.l 0 . We will first prove it in the simpler case when the contour is locally exactly a straight line, and then give a general proof.
Special choice of the Poincare coordinates. Fix a point l 0 on the boundary of our special Legendrian submanifold. We will use the Poincare coordinates:
The point l 0 corresponds to (1; 0, i). We will choose the Poincare coordinates in such a way that the Wilson loop near the point l 0 is nearly a straight line: General form of the extremal surface near the point of the boundary. We assume that the coordinates of the extremal surface have a series expansion in x 1 , h near the point of the boundary x µ = h = 0. The equation for the extremal surface is to the lowest order in h, x 1 :
where y = x 0 , x 2 , x 3 . If the contour near x µ = h = 0 is a straight line plus corrections of the order x 3 1 then the extremal surface is given near the point x µ = h = 0 by the expression cubic in x 1 and h plus higher orders. There are four cubic monomials x 
where dots denote terms of the degree higher than 3 (the degree of the monomial h a x b 1 is a + b.) This is the general form of the extremal surface near the point of the boundary where the curvature of the Wilson loop is zero. The role of the coefficients α and β is very different. The coefficients β are determined from the local behavior of the contour near the point l 0 (they measure the cubic deviation of the contour from the straight line.) But the coefficients α of h 3 depend globally on the contour. They may be defined as the acceleration of the geodesic on the extremal surface starting from the point l 0 . To determine α for the general contour we have to actually know the extremal surface. But for the special contact contour we can determine the direction of α without actually knowing the extremal surface.
The direction of α. In the case of the special Legendrian surfaces, we want to prove that α is directed along I.l 0 . Let us first consider the case when the contour is locally a straight line. Near x 1 = 0, h = 0 the surface should have the form:
Let us understand when this surface is Legendrian:
(66) The condition for being special coincides with the second of these equations:
because all the extremal Legendrian manifolds are special Legendrian. From (66) we find
This means that α is directed along I.l which is what we wanted to prove. Now suppose that the contour has a general cubic shape (62) rather than being a straight line. The extremal surface has the following shape:
We assume that Φ(x 1 , h) has a series expansion in x 1 and h starting with cubic terms:
. . In fact we know that γ µ = 3β µ and δ µ = 0. The condition for being Legendrian is:
The term on the left hand side of the lowest degree in x 1 and h comes from d(Φ 0 +Φ 2 ) and has degree three. (We count x 1 , h, dx 1 , dh as having the degree one.) This implies that Φ 0 +Φ 2 does not have degree three terms (starts with the degree four.) Therefore α 0 + α 2 = 0. The next term is quartic and it comes from d(
This implies that the quartic term in dx 1 ∧ dΦ 1 is zero. Therefore α 1 = γ 1 = δ 1 = 0. But α 1 = α 0 + α 2 = 0 means that α is directed along I.l 0 .
Variation of the regularized area.
The Wilson loop functional in the strong coupling regime is the exponential of the regularized area of the extremal surface [4] . We should place the boundary of the extremal surface at small constant h = h 0 rather than h = 0. The regularized area of the surface is
where L[C] is the length of the contour C in the metric dx 2 µ . The variation of the loop can be described by the displacement vector δ x µ . The variation of the area defines the vector field p µ (σ):
This vector field p µ can be found from the shape of the extremal surface near the boundary. Consider the geodesic on the extremal surface originating from the point on the boundary. 
where α µ is determined by (64). Let us explain why the variation of the regularized area is related to the acceleration of a geodesic near the boundary. Consider the variation of the extremal surface corresponding to the variation of the contour on the boundary. We can describe the variation of the extremal surface by the normal vector ξ(σ 1 , σ 2 ). The vector describing the variation of the surface is fixed only up to vectors parallel to the surface; but it is essential for our argument that we choose ξ(σ 1 , σ 2 ) to be normal to the surface. We need to regularize the area by choosing a boundary of the surface, for example by cutting the surface at h = h 0 for small enough h 0 . Since it is a good regularization it does not matter how precisely we choose the boundary. It is very natural to define the boundary of the deformed surface to be the displacement of the boundary of the original surface by the vector field ξ. Then the variation of the area A of the surface with the boundary will be zero. Indeed, the variation of the area of the surface is the integral over the surface of the trace of the second fundamental form contracted with ξ. But for the extremal surface the trace of the second fundamental form is zero. The only reason why A reg changes is the variation of the length of the boundary which we subtract. The variation of the length of the contour is the integral over the contour of its acceleration contracted with ξ. But again, let us take into account that the trace of the second fundamental form of the extremal surface is zero. This means that the normal component of the acceleration of the boundary is minus the normal component of the acceleration of a curve orthogonal to the boundary, which we can choose to be a geodesic on the surface.
Calculation of p µ (σ) or equivalently the acceleration of the geodesic starting from the boundary requires the full knowledge of the extremal surface. There is no simple general formula expressing the p µ in terms of the contour C. However in the special case of the special contact Wilson loop we know from the previous section that the acceleration is directed along the lightlike vector I.l µ . In Poincare coordinates:
is the three-vector tangent to the surface. Suppose that R 2+4 has a complex structure which makes it C 1+2 . Let us define w 3,0 :
The key point is that the space of (3, 0) forms has complex dimension one. is of the first order in the deformation.) Since Re Ω is a closed form, this proves that X extremises the volume functional.
